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We consider the delay-differential equation 
y”(t) + 4)f(YW, Yk(W = 0 (1) 
where a is measurable on [0, 00) and nonnegative there, f(u, V) is continuous 
and has the same sign as u, w if uv > 0, and g is a measurable function satis- 
fying g(t) < t. A solution y of (1) is said to be oscillatory if it is defined on 
[to, co) for some to and the sequence of zeros of y is unbounded. 
Numerous oscillation criteria for second-order differential equations with 
retarded argument have recently appeared in the literature [l, 4, 6, 8, g-141; 
the oscillation of solutions of higher-order delay-differential equations has 
been studied in [15]. The criteria to be established here differ from these in 
that further conditions onf(u, V) will be imposed only for 1 u / > j z1 ) 3 M 
for some M > 0, instead of for all large 1 e, 1 . Moreover, the Theorem below 
does not require bounded delay, which is generally assumed. The proof is 
by comparison with a linear differential equation without delay. 
Our results on the oscillation of solutions of (1) extend readily to the 
equation 
r”(t) + w r(t), YkIwY*~ Yk&N = 0 (2) 
where there exist a, h with a > 0, yh(y) > 0 for y # 0 such that 
4) Yh(Y) G YF(4 Y,**., Y) 
and F is nondecreasing in its last n arguments (cf. [I], [2]). 
We need as a lemma an extension of a result of Wong [3] and Burkowski [8]. 
LEMMA 1. Assume that g(t) -+ CO as t --f CO. If (1) has a bounded non- 
oscillatory solution defined on [t, , 03) for some t, , then 
I 
cc’ 
h(t) dt < CO. 
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Proof. Let y be a bounded nonoscillatory solution of (1); we may assume 
that y is ultimately positive since a similar argument holds if y is ultimately 
negative. Then there exists T,, such that y(t) > 0, y(g(t)) > 0 on [T,, , co). 
From (1) we see that y’ is nonincreasing, whence it must be that y’ 3 0 on 
[To 9 00). Thus y(t) is nondecreasing and bounded, and so approaches a limit 
L > 0. For T, < s < t we have 
r’(t) - Y’(S) + j t 44f(r(x>, Y(&N) dx = 0; 
s 
letting t -+ 00, we get 
Y’(S) 3 jm 44f(Y(4 YWN) dz (3) s 
Since f is continuous and g(t) -+ co as t + 00, we can choose TI > To such 
that f(y(t), y(g(t))) > $f(L, L) > 0 for t > TI . Integration of (3) thus leads 
to 
r(t) - Y(T,) b j; @ - TA 44fbW y(&N) dz 
Passage to the limit as t -+ co yields the lemma. 
The following lemma, part of which is adapted from [4], will also be of 
service. 
LEMMA 2. Let y(t) be an unbounded nonoscillatory solution of (1) dejked 
on a half-line [to, CD). Then for every E > 0 there is a T(E, y) such that 
t 3 T(c, y) implies 
(1 + 4 I Y(&Nl 3 I YW 
provided either 
(a) g is da&entiuble and g’(t) --f 1 as t -+ CO, OY 
(b) t -g(t) is bounded. 
Proof. As in the proof of Lemma 1, we may assume y(t) > 0, y(g(t)) > 0, 
y’(t) > 0 on [T,, , co). Now y’, a positive decreasing function, approaches a 
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limit as t -+ co, and y’(g(t)) approaches the same limit since g(t) -+ CO as 
t --f co. Suppose (a) is the case and the limit ofy’ is > 0; then by L’Hospital’s 
rule 
lim Y(g(t)) _ 
t+ao r(t) 
lim Y’(g(t)) g’(t> _ 1 
t+m r’(t) - * 
If (a) is the case and lim,,, y’(t) = 0 or if (b) is the case, we define the 
linear function 
since y” < 0 from (1) we have y(s) < h(s) for s 3 g(t). Thus 
If we set X(t) = g(t) - ykWly’k(t))~ so h(x) = 0, then by similar triangles 
we get 
h(&N _ x(t) - g(t) = YW)) 
h(t) x(t) - t (t - g(t)> Y’WN + YWN * 
Since in case (b) (t - g(t)) y’(g(t)) is bounded and y(g(t)) + co as t + co, we 
have that h(g(t))/h(t) -+ 1 as t --+ co, and the lemma follows easily. 
If case (a) holds and y’(t) + 0, we have only to show that 
lim (t - g(t)) y’(g(t)) = 0. 
f-trn YMtN 
Now 
qt) = YMtNY”wNm < 0 
Y’WN2 ’ 
for large t since y” < 0; thus for some t, > T,, and all t > t,, we have 
x(t) < x(t,,). Again using similar triangles and the construction of the func- 
tion h, we get 
Since g(t) -+ co as t + co, it remains only to observe that by L’Hospital’s 
rule 
lim 
t - =lim- = 
tKc g(t) 
l 1 
tdrn g (t> 
. 
This completes the proof of the lemma. 
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The following theorem extends a result of the author [5] on the oscillation 
of equations without deviating argument. 
THEOREM. Suppose Jm b(t) dt = + co, g(t) + 03 as t ---f 00, and there 
exist M > 0, T > 0 such that t 3 T, j u 1 3 j v 1 >, M, uv > 0 imply 
[sgn 4 b(t)f(u, v) - k(t) 4 3 0. (4) 
Then all solutions of (1) dejined on a half-line are oscillatory if the linear equation 
v” + h(t) v = 0 
possesses an oscillatory solution. 
(5) 
Proof. Assume on the contrary that y is a nonoscillatory solution of (1); 
by Lemma 1, y is unbounded. By the symmetry of our hypotheses, we may 
assume that y is eventually positive, and thus that y’(t) > 0 holds. There 
must then exist t, > T such that t 3 t, implies y(t) > M, y(g(t)) > M. 
Let v be a solution of (5) with consecutive zeros at si , sa in [tl , 00); we may 
assume v > 0 on (si , 2 s ). Multiplying (1) by v and (5) by y and subtracting, we 
find that 
Jut) + 4)f (r(t), Y(m) VP> - w v(t) r(t) = 0, 
where we set W = vy’ - v’y. Integrating this equality from s1 to sg yields 
W(G) - W(sd = - 1” b(t>f (y(t), YWN) - k(t) r(t)1 v(t) dt < 0, Sl 
since t > g(t), y’ > 0 imply y(t) 3 y(g(t)) and (4) holds. But v’(si) > 0, 
v’(s,) < 0 imply W(s,) L- - y(s,) v’(sl) < 0, W(s,) = - y(sJ v’(sJ > 0, a 
contradiction. 
The theorem does not hold if (4) is replaced by the weaker condition 
[w 4 b(t)f (u, 4 - 44 4 2 0 (6) 
as is shown by the example, due to Waltman [6], 
1 
r”(t) + jpYP/4) = 0 
with nonoscillatory solution y(t) = W. Hypothesis (4) can, however, be 
weakened if the requirements on g are strengthened. Combining Lemma 2 
with the theorem, we get easily: 
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COROLLARY. Let p ta(t) dt = co, and suppose either 
(a) g is differentiable and g’(t) -+ 1 as t -+ co, or 
(b) t - g(t) is bounded. 
If (5) has an oscillatory solution and if there exist M > 0, T > 0, E > 0 such 
that t> T, (1 +c)/u / 3 / u j >, I v  / > M, uv > 0 imply (4), then every 
solution of (1) defined on a half-line is oscillatory. 
This corollary is stronger than most published oscillation criteria for (1). 
Even the “oscillation-coefficient” criterion of Teufel [I] cannot be applied to 
r”(t) + $r(t - +>) = 0 (7) 
or 
y”(t) + ;Y(t - T(t)) lolz[l + I r(t - WI1 = 0 (8) 
where r(t) > 0 is bounded, since K/t2 is not an oscillation coefficient. How- 
ever, the Corollary above can be applied with h(t) = K/(1 + e) t2 for any 
E > 0, and we conclude that all solutions of (7), (8) are oscillatory if K > & 
since (5) then has oscillatory solutions [7]. 
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